Abstract. The problem of determining whether a given (finite abstract) simplicial complex is homeomorphic to a sphere is undecidable. Still, the task naturally appears in a number of practical applications and can often be solved, even for huge instances, with the use of appropriate heuristics. We report on the current status of suitable techniques and their limitations. We also present implementations in polymake and relevant test examples.
Introduction
The sphere recognition problem often arises in the guise of manifold recognition, that is, deciding whether a given finite abstract simplicial complex triangulates some manifold then determining the type of the manifold it triangulates. In the piecewise linear (PL) category, recognizing whether a given complex triangulates a PL manifold can be reduced to PL sphere recognition since the links of all vertices of the given complex need to be PL spheres. The following is a (very incomplete) list of scenarios where manifold recognition can be used: (1) Enumeration. When enumerating triangulations of manifolds of a given dimension with a fixed number of vertices or facets, we want to ensure that the objects produced are indeed manifolds and discard all others [6, 7, 31] . (2) Topological Constructions. Various topological manifold constructions can be discretized so that the objects of interest can be studied with the help of a computer. To ensure the discretization has been carried out correctly, we want to confirm the manifold property. In practice, this test effectively detects the majority of construction errors [1, 33, 30] . (3) Meshing. The goal here is to obtain a triangulation of a hypersurface in some (higher-dimensional) Euclidean space by sampling; see, e.g., [27] . As in the case of the topological constructions, we want to verify that the triangulation is non-degenerate.
Throughout this extended abstract we will only consider closed manifolds encoded as finite abstract simplicial complexes. However, our methods can easily be modified to deal with manifolds with boundary or more general cell complexes.
An Integrated Recognition Procedure
Let K be a d-dimensional (finite abstract simplicial) complex with n vertices and m facets. A facet is a face that is maximal with respect to inclusion. A d-dimensional complex is pure if each facet has exactly d + 1 vertices. A codimension-1-face in a pure complex is called a ridge.
To verify whether K is a PL d-sphere, there are three elementary combinatorial checks that are useful to perform first. These checks are fast; their running time is bounded by a low-degree polynomial in the parameters d, m and n. If one of the checks fails, this will serve as the certificate that K is not a sphere.
(1) Check if K is pure.
(2) Check if each ridge is contained in exactly two facets.
Success in these two tests will ascertain that K is a pseudo-manifold (without boundary). A pseudo-manifold K of dimension d = 0 is the 0-dimensional sphere S 0 ; it consists of two isolated vertices.
A connected pseudo-manifold K of dimension d = 1 is a polygon, and thus triangulates the 1-dimensional sphere S 1 . The pseudo-manifold property of a simplicial complex is inherited by all face links. In particular, a connected pseudo-manifold of dimension 2 is a triangulation of a closed surface or of a closed surface with pinch points. A pinch point has multiple disjoint cycles as its vertex link.
A d-dimensional pseudo-manifold is a combinatorial d-manifold if all vertex links are PL homeomorphic to the boundary of the d-simplex. In particular, a combinatorial d-manifold is a triangulation of a PL d-manifold.
A (connected) 2-dimensional pseudo-manifold K with the additional property that all vertex links are single cycles is a combinatorial 2-manifold and triangulates a closed surface. If the Euler characteristic of K is 2, then K is S 2 . The sphere recognition problem becomes more interesting from d ≥ 3 and requires additional steps; see also the discussion in Section 3 below.
We begin by computing the Hasse diagram of the complex K; this is a directed graph with one node per face and a directed edge for each pair of incident faces whose dimensions differ by one. How to orient the edges is merely a matter of convention; here we assume they point towards the higher-dimensional faces. We use a method introduced by Kaibel and Pfetsch [18] which is output sensitive in the sense that it is linear in φ, the total number of faces of K. More precisely, this algorithm's worst-case complexity is in O(d · m 2 · φ). After the initial Tests (1), (2) , and (3), our next test for verifying whether K is a PL d-sphere is to first verify that K is a combinatorial manifold. A pure
Notice that if all links of i-faces are PL spheres, then all links of (i−1)-faces are combinatorial (d−i)-manifolds, which is a necessary condition to verify that the links of (i−1)-faces are PL spheres. In this way, this property is recursive. In practice, however, a recursive method is likely to encounter repetitions so a level-wise approach is preferred.
According to Whitehead [35] , any combinatorial d-manifold that becomes collapsible after the removal of one facet is a PL d-sphere. This statement is equivalent to the existence of an acyclic matching in the Hasse diagram with exactly two critical cells. That is, a matching given by the pairings induced by the performed elementary collapses such that if the edges of the matching are reversed, the resulting directed graph is acyclic and has precisely two unmatched nodes: one representing a facet and one representing a vertex. In the language of discrete Morse theory, as developed by Forman [12, 13] , to every acyclic matching in the Hasse diagram there is a corresponding discrete Morse function with the same number of critical cells. For a general discrete Morse function on a ddimensional simplicial complex, the discrete Morse vector (c 0 , c 1 , . . . , c d ) counts the critical cells per dimension.
A randomized search for small discrete Morse vectors was introduced in [3] . This approach proceeds level-wise from top to bottom. The free faces for elementary collapses are chosen uniformly at random; if there are no free faces, a face of the current maximal dimension is chosen uniformly at random, marked critical, and removed.
A combinatorial manifold K is a PL sphere iff some subdivision of K admits (1, 0, . . . , 0, 1) as its discrete Morse vector. We say that (1, 0, . . . , 0, 1) is a spherical discrete Morse vector and recursively (or level-wise) check the links of all faces to see whether they admit such a vector. However, we need to overcome four major difficulties:
⊲ Computing an optimal discrete Morse vector for a simplicial complex is NP-hard [17, 20] . ⊲ There are combinatorial d-spheres that do not admit a spherical discrete Morse vector [2, 4] . ⊲ For d ≥ 5, the question of whether a given simplicial d-complex is a (combinatorial) d-sphere is undecidable [34] ; in particular, there is no bound on the number of, say, barycentric subdivisions needed to permit the discrete Morse vector (1, 0, . . . , 0, 1). ⊲ In iterated barycentric subdivisions, finding the vector (1, 0, . . . , 0, 1) quickly becomes unlikely [1] ; see Section 3 for experimental results. In Section 3, we will demonstrate that despite these drawbacks, finding optimal discrete Morse functions (within some 'horizon') is often surprisingly easy, even for huge complexes; see also [1, 3] .
(4) Heuristic: Search for a spherical discrete Morse vector using the random discrete Morse algorithm [3] .
Brehm and Kühnel [6] introduced a basic version of (4) to show that some 8-dimensional simplicial complex with 15 vertices is a combinatorial 8-manifold. return UNDECIDED A necessary condition for K to be homeomorphic to the d-sphere is that the homology, say with integer coefficients, is trivial. If it is not, we know that K is not homeomorphic to the d-sphere. Writing down the (simplicial) boundary matrices from the Hasse diagram is a straightforward procedure. Computing the homology then amounts to determining the Smith Normal Forms of these matrices; see e.g. Munkres [23, §11] . To improve the running time, reduction of the initial complex is essential; see CHomP [11] , RedHom [9] , or polymake's application topaz [15] for implementations. [25, 29] ).
To determine whether K is simply connected, we compute a finite presentation of the fundamental group π 1 (K) [28] and use heuristics to simplify the presentation, e.g., as implemented in the software package GAP. Deciding whether a finitely presented group is trivial is again an undecidable problem [24] , but GAP often finds a simplification of the presentation quickly. [14] ), but not PL homeomorphic to the boundary of the 5-simplex. This means that there are two situations in which our algorithm may return UNDECIDED. When a combinatorial manifold has the homology of a sphere, no spherical discrete Morse vector is found and ⊲ the combinatorial manifold is 4-dimensional and is found to be simply connected; or ⊲ no decision was possible on the fundamental group. As a last and final resort for these two cases, attempt to reach the boundary of the (d+1)-simplex by applying random bistellar flips as suggested by Björner and Lutz [5] . (7) Heuristic: Simplify using random bistellar flips.
If Test (7) is inconclusive, the decision problem remains unsolved.
We indicate how our method can be further refined.
Remark 1. Depending on how likely K is homeomorphic to S
d we can first check its homology before we try the random discrete Morse algorithm.
Remark 2. In the case of non-PL triangulations of S
d , our approach may be used to show that a given triangulation is isomorphic to the double-suspension of some homology sphere or has some other not too complicated PL singular set.
Remark 3.
In special cases of non-spherical manifolds computing other invariants of K may be worthwhile; for a survey, e.g., see [16] . In particular, if d = 4 and π 1 (K) = 1, computing the intersection form of K decides the homeomorphism type of K, however, it does not settle the PL type; see Freedman [14] .
Computational Results and Horizon for Computations
S.P. Novikov (cf. [10, 34] ) proved that recognizing the d-sphere is undecidable for d ≥ 5. For the 4-sphere it is unknown whether it can be recognized algorithmically. Rubinstein [26] used normal surface theory to provide an algorithm to recognize the 3-dimensional sphere; see also Thompson [32] and Matveev [21] . Unfortunately, the known deterministic 3-sphere recognition algorithms have exponential running time or worse. King [19] showed that two triangulations (as pseudo-simplicial complexes) of S 3 with t tetrahedra are related by a sequence of less than 2 201t 2 edge contractions and expansions. A similar result was obtained by Mijatovic [22] , who proved that two pseudo-simplicial triangulations of S 3 with t tetrahedra are related by at most 6·10 6 t 2 2 2·10 4 t 2 bistellar flips. Burton implemented the Rubinstein-Thompson-Matveev-Casson algorithm in his 3-manifold software package Regina [8] .
While our Algorithm 1 cannot guarantee success, we are not aware of a single triangulation of the 3-sphere for which the recognition of π 1 via Test (6) fails, and substantial work was required to provide such examples in dimension 4 [33] .
The smallest known triangulated 3-sphere for which the discrete Morse Test (4) fails is the example triple trefoil (constructed via a complicated knot in the 1-skeleton with 18 vertices) from [2, 3] ; it does not admit a spherical discrete Morse vector. For 'more standard' triangulations of S 3 , even with up to 5 · 10 5 vertices and 10 7 tetrahedra, it is very likely that Test (4) is positive; see [2] and the examples below. For triangulations of an even larger size, Test (4) will eventually fail [1] . While for smaller examples computations will be successful most of the time, there is a horizon beyond which computing good discrete Morse vectors becomes hopeless, and -for the first time -we actually see this horizon in the experiments on iterated barycentric subdivisions reported below. Test (6) is successful on the 3-sphere triple trefoil.
For the 4-sphere, there is a triangulation with 30 vertices [33] on which the GAP implementation of Test (6) fails as well as our current implementation of Test (7). This example is constructed via a non-trivial presentation of the trivial group, and precisely this presentation with two generators and two relators is obtained for the simplified fundamental group. The example is obtained after applying bistellar flips to the r = 4 case of a series of triangulations of the Akbulut-Kirby spheres with face vectors f = (176 + 64r, 2390 + 1120r, 7820 + 3840r, 9340 + 4640r, 3736 + 1856r) for r ≥ 3. Test (4) and (6) fail on all small examples of this series. With Test (7), we were successful only for r = 3. The flipping algorithm for Test (7) retains the complex having the (lexicographically) smallest f -vector found during the search; Test (4) is positive for a few of those simplified complexes.
In fact, finding interesting and challenging test examples for our recognition procedure is non-trivial. Most examples from the literature are tiny, easily fit into memory, and can be recognized instantaneously. A recent example of larger size is contractible non 5 ball [1], a non-PL triangulation of a contractible and collapsible 5-manifold, different from the 5-ball, with f -vector f = (5013, 72300, 290944, 495912, 383136, 110880). The example was shown to be collapsible [1] ; the vector (1, 0, 0, 0, 0, 0) was obtained after only a single random discrete Morse vector search in a running time of 82 hours. Our new implementation in the polymake system [15] of the search for random discrete Morse vectors produced the same result in about 9 seconds; the computations ran on a standard desktop computer with AMD Phenom II X6 1090T CPU (3.2 GHz, 6422 bogomips) and 8 GB RAM.
The boundary of contractible non 5 ball is a combinatorial 4-manifold with f = (5010, 65520, 212000, 252480, 100992). We used Algorithm 1 to confirm that this example is indeed a combinatorial manifold. For all face links a spherical discrete Morse vector was found immediately. In total, recognition of all face links took about 7.5 hours. The example itself is a homology 4-sphere that has the binary icosahedral group as its fundamental group, as was confirmed computationally in [1] .
We ran our implementation on higher barycentric subdivisions of boundaries of simplices. For the 3rd barycentric subdivision sd 3 bd delta 4 of the boundary of the 4-simplex with f = (12600, 81720, 138240, 69120) the optimal discrete Morse vector (1, 0, 0, 1) was found in 994 out of 1000 runs of the randomrevlex version [1] of the random discrete Morse search. For the 4th barycentric subdivision sd 4 bd delta 4 of the boundary of the 4-simplex with face vector f = (301680, 1960560, 3317760, 1658880 ) the optimal discrete Morse vector (1, 0, 0, 1) was found in only 844 out of 1000 runs, which may indicate that the horizon for computations lies near the 5th barycentric subdivision.
Conclusion
For 'standard' triangulations of the d-sphere, Test (4) provides a reliable and extremely fast tool for recognition. The test is essentially linear in the number of faces, and thus can be repeated several times if the first try does not produce a spherical discrete Morse vector. Test (6) depends only on the 2-skeleton of a complex, so higher-dimensional complexes of considerable size can be processed. Some of our experiments show that Test (4) can be run for complexes with 10 7 or more faces, Test (6) for complexes with 5 · 10 5 or more triangles, while Test (7) is efficient in dimension 3 for examples with up to 10 4 vertices, but slow in higher dimensions.
